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This article presents an experimental and theoretical study on the contraction of
free, stable, and inviscid liquid ligaments under the action of surface tension forces.
The ligament is considered as two blobs of arbitrary initial sizes connected by a cen-
tral column with a constant and uniform radius. Based on the conservation of mass,
momentum, and energy, a theoretical model is developed to predict the ligament length
as a function of time, thereby predicting the lifetime of the ligament. The theoretical
results are compared with our experimental measurements of the transient length of
liquid ligaments ejected from an inkjet printhead, showing good agreement. © 2008
American Institute of Chemical Engineers AIChE J, 54: 3084-3091, 2008
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Introduction

The contraction of liquid ligaments is an integral part of
droplet formation in many engineering processes, such as in
ink-jet printers' and pneumatic droplet generators.2 Ligament
contraction is also observed in a variety of hydrodynamic
processes, including pinch-off of pendant drops,”™® relaxation
of symmetrically elongated drops,7710 and droplet colli-
sion,!!~13

Ligament contraction is a classical free-boundary problem,
in which the ligament end tends to retract due to surface ten-
sion forces. Figure 1 schematically shows one end of a liga-
ment with radius R retracting with velocity U. This problem
has much similarity to the rim motion of disintegrated liquid
sheets'* and punctured liquid films.'>"'® The motion of liquid
rim can also be represented by Figure 1, if we consider the
schematic as a cross-section of a liquid sheet.

The available theoretical studies on ligament contraction
are based on an approximate solution to the Navier-Stokes
equations.g’lL19 These studies report several contraction be-
haviors: (1) stable contraction; (2) breakup caused by end-
pinching; (3) breakup caused by capillary instability. Schulkes'®
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used a finite-element discretization procedure to investigate
the contraction of liquid ligaments. The study showed a cru-
cial dependence of dynamic characteristics of ligaments on
the Ohnesorge number given by

u
v/ poR

where u, p, o are viscosity, density, and surface tension of
the ligament, respectively. For Oh > 1, although the initial
length of ligaments was larger than 27R (the cutoff wave-
length of capillary instability of infinite jets), the liquid liga-
ment remained stable throughout the contraction process.
Additionally, unless Oh < 0.1, end-pinching was not
observed. Stone et al.® related the contraction dynamics to
the ratio of ligament viscosity to the viscosity of ambient
fluid. It was found that when this ratio was larger than 10,
the contraction proceeded with constant diameter without
breakup caused either by end-pinching or capillary
instability.

This work is focused on the stable contraction of liquid
ligaments with two free ends. From the standpoint of engi-
neering applications, the length and lifetime of ligaments are
of importance. For example, in a droplet dispensing system,
the ligament length changing with time determines the loca-
tion of the substrate where spherical droplets can be

Oh =
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Figure 1. Schematic showing part of a liquid ligament
with total length L.

obtained. However, results on the contraction of free liga-
ments (e.g., length as a function of time) in the past numeri-
cal and experimental works are limited.

Schulkes'® presented numerical results of the length of
symmetric ligaments as a function of time (Figure 8 in
Schulkes'®). The ligaments with Oh = 1 were shown to con-
tract with almost constant accelerations for ¢ > ~0.01z,
where . is capillary time scale expressed by

R3
Q=M%< (1)

Carrying out simple derivation to the results in Schulkes,'®
we can get

d’L(t) 2Ly
dar? 2’

(@)

where L is the length of the ligament (see Figure 1) as a
function of time ¢, and L is the initial length. On the basis
of self-similar solutions to Navier-Stokes equations for
pinch-off problems, Eggers®® proposed that the retraction of
one free end of the liquid ligament after pinch-off can be

approximated by
U
U(t) ~8.7,/—. 3
0 ~s7,fk ®

However, this equation can only be used for time and dis-
tance close to the pinch-off point, i.e., r < t,, AL < L,. Here,
AL is the distance from the pinch-off point, while #, and L,
are the viscous time scale and length scale, respectively,
given by

mzﬁg )
and
2
l
uzﬁ. ©)

Kowalewski®' experimentally studied the ligament retrac-
tion as a result of the separation of droplets from pulsed jets
of varied fluids, and used Eq. 3 to compare with observed
velocity ranges. It was found that Eq. 3 did not match the
experimental results. In contrast, the observed velocities
showed that

U~ 0(Us), ©)
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where U, is a characteristic velocity defined as

R
N ™
PR 1

Dupré'® studied the rupture of inviscid films using energy
balance, and obtained an expression for the rim velocity. If
the film thickness in the expression is replaced with the liga-
ment radius R, based on his method, the retraction velocity
of ligament end is

U=2U.. 8)

Keller** proposed a simplified model, in which the liga-
ment end is assumed to be a blob connected to an inviscid
column, as shown in Figure 1. In the case that the liquid col-
umn is of uniform radius, the model predicts that the blob
recedes at a uniform velocity given by

U = 2U.. )

Equation 9 agrees with the theories of Taylor14 and
Culick'® on the motion of free rim of liquid sheets and films,
which balance the surface tension force (2nRo) and momen-
tum force (— pUanz). However, this force balance is ques-
tionable, because the capillary pressure force (—mRog) was
not included. Carrying out force balance to the three forces
above, we obtain

U=U.. (10)

This force balance resembles a general analysis of force
balance on stretching jets in Roisman."?

Equations 8-10 provides different expressions for the re-
traction velocity of one free end of the ligament, which are
independent of blob size and time. These expressions may be
useful for a rough estimate of time scale for ligament con-
traction. However, they cannot be used to accurately predict
the time taken for the ligament to complete contraction pro-
cess, especially for ligaments with two free ends and differ-
ent initial blob sizes. One major reason is that the contraction
is not necessarily with constant velocity due to the growth of
the blobs at the ends of the ligament. Our study will show
that the predictions of ligament lifetime based on Egs. 8—10
differ significantly from our experimental and theoretical
results. In this work, we experimentally measure the transient
length of a liquid ligament produced using an ink-jet printer.
An analytical model based on the conservation of mass, mo-
mentum, and energy is developed to predict the ligament
length as a function of time, thereby predicting the lifetime
of the ligament. The results of the model are compared with
our experimental results.

Experimental Setup

A commercial solid-inkjet printhead with “bend mode”*

(Figure 2a) piezo-electrically driven droplet-on-demand
(DOD), with orifice radius 10 um, was used to eject ink
droplets. The printhead is highly repeatable in its jetting pro-
cess, which has been proven in our preliminary tests. Fig-
ure 2a shows the schematic of a solid-inkjet printer** in
which the piezoelectric printhead deposits molten ink drop-

DOI 10.1002/aic 3085



Piezo
ceramic|

Diaphragm
(b) b

Figure 2. (a) In a solid-inkjet printer, ink droplets are
generated from a piezo-electrically driven
DOD printhead and are deposited on a rota-
ting drum to print images; (b) when an
electric pulse is applied, a liquid ligament is
generated.

lets on an intermediate drum. When an electric pulse is
applied, ink is ejected out of small orifices (10 um in radius)
due to the pressure generated by a voltage-pulse driven pie-
zoelectric actuator. The ejected ink separates from the
remaining liquid in the orifice, generating a liquid ligament
in flight (Figure 2b). Without external restraint forces, the
liquid ligament will relax to form a spherical body so that
the surface energy can be minimized. ColorStix 8200 (Xerox
Corporation, Rochester, NY), a commonly used commercial
wax-based ink, was used. The ink was melted in the print-
head and ejected with an initial temperature of 140°C. The
properties of the ink at 140°C are as follows: density p =
820 kg/mS, viscosity i = 0.0105 Pa s, and surface tension o
= 0.02869 N/m. Our estimate shows that the droplet temper-
ature decreases to ~130°C after traveling 2 mm. Because
this temperature is still well above the melting temperature
of the ink (~95°C) and ink properties do not change appreci-
ably in this temperature range, the effect of temperature
change will not be considered in this article.

The printhead was placed such that the ink was ejected
horizontally. Because the Froude number is in the order of
10%, gravitational effect is negligible. The jetting process was
constructed based on a sequence of photographs taken with
strobe-photography method, which is able to resolve fast
dynamic processes. Each picture was taken with a different
delay in time between the triggers to the printhead and cam-
era. A digital camera (D100, Nikon) was used together with
microscope lens (QM100, Questar) to take photographs. The
strobe lighting source used is a gas discharge lamp (Nanolite,
High-Speed Photo-Systeme, Wedel, Germany), which can
provide flashes with duration of 11 ns. The time accuracy in
the strobe-photography method was around 1 ns.
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Experimental Observation

Time evolution of droplet formation upon application of a
pulsed force on the liquid chamber is shown in Figure 3. The jet-
ting process started with the appearance of outward moving
meniscus (t = 0 us), which kept growing into a ligament con-
nected to the orifice. The ligament separated from the remaining
liquid in the orifice, contracted and eventually formed a droplet.

It is evident that, for one single pulse, droplets were
formed as a result of ligament contraction. The ligament
detached from the remaining liquid in the orifice with a coni-
cal tip, due to the abrupt stop of liquid motion inside the
nozzle. This conical point quickly formed a round end, due
to local sharp curvature. The ligament formed contracted into
droplets without breakup. Although the ligament length is
much larger than the cutoff wavelength of capillary instabil-
ity 27mR, no capillary waves or end-pinching were observed
on the surface of the ligament. In this work, Oh ~ 1 for
R ~ 5 pum, approximately in the range of stable contraction
proposed by Schulkes.'® Additionally, the fluid viscosity was
10? times larger than that of surrounding air, which indicates
negligible resistance from the ambient air.'?

The contraction of ligaments has been found to play a
major role in the process of droplet formation. The photo-
graphs shown in Figure 3 were processed and measured
using image analysis software, ImageJ (National Institute of
Mental Health, Bethesda, MD). Figure 4 shows the locations
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Figure 3. Time sequence of droplet formation in response
to one electric pulse with pulse duration of 8 us
and voltage amplitude of 29 volts.

The ink is ejected rightward.
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Figure 4. Locations of lead and tail ends of the liga-
ment relative to the printhead after detaching
from the orifice.

Velocities shown are the linear slopes of the data points.

of the lead and tail ends of the ligament relative to the print-
head as a function of time. Carrying out linear fittings, the
relative velocity between the two ends is ~3.2 m/s.

Theoretical Consideration of
Ligament Contraction

Because the liquid ligament observed in this work flew in
the air, the effect of air drag needs to be evaluated first. Air
drag on a rigid spherical body is considered. The Reynolds
number based on the properties of ambient air (p, = 1 kg/
m>, pg = 20.94 X 107° Pa s for air at 80°C, an average of
the printhead and room temperatures), velocity (U; ~ 5 m/s),
and diameter (D ~ 40 pum) of the lead end of the ligament is

DU;
Re = TP .
Hg

Because Re < 10 in our tests, the following correlation for
drag coefficient® can be used,

24

Ca=" [1 + 0.1315Re(°-82*°-051°gf5)} . (11)
e

The deceleration rate due to air drag is expressed by
ag = 0.75C, 2L 02, (12)
Dp /

Our estimate shows aq ~ 10° m/s*. For a time period of
100 us, longer than the contraction time shown in Figure 3,
the air drag can cause the velocity to change by 0.1 m/s,
much smaller than the relative velocity shown in Figure 4.
Therefore, the ligament in question can be considered as a
free ligament subject to no external forces.

To develop an analytical model to estimate the contraction
time scale of free ligaments, we make four important simpli-
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fying assumptions: (1) at + = 0, there are two blobs at the
ends of the ligament; (2) the radius of the central column
remains constant and uniform during the contraction process;
(3) energy dissipation due to viscous effect is negligible; (4)
the ligament remains stable during contraction. The second
assumption agrees with the observation shown in Figure 3.
This implies that the flow field inside the column is weak,
showing very small velocities as compared with those of the
two blobs.” The flow driven by the pressure difference
between the blobs and the central column might be appreci-
able at the blob-column interface. However, the local fluid
velocity is counteracted by the retraction of the blobs,
thereby maintaining constant radius of the central column.
The weak flow inside the column makes the third assumption
hold.

Choosing the earth as the frame of reference, the ligament
with two spherical blobs of arbitrary sizes can be divided
into three control volumes as shown in Figure 5: control vol-
ume #1 (CV1) with radius R; and velocity U;; CV2 with R,
and U,; and the central column CV3 with R and Uj. Differ-
ent from Figure 1 where L is the total length of the ligament,
here L is used to represent the length of the central column,
excluding the blobs at the ends of the ligament.

Applying conservation of mass gives

d > vi=o, (13)

where the volumes of the three control volumes are
t
Vi =Vio+nR* / (U + Us)dt,
0
’ (14)
Vy = Vag + R? / (Uy — Us)dt,
0
V3 = nR’L.
The velocities U;, U,, and Us are used as scalars. The ini-
tial volumes of the two blobs, Vo and V,, are given by

4
Vip = gnRiO. (15)
Substituting Eq. 14 into Eq. 13, we get
t

L=1Ly— / (U1 + Uz)d[, (16)
0

where Ly is the length of the central column at + = 0. And
the radii of the two blobs are given by

—» 2 —U3 Uie—
.......... 2R :
c : I
| H ) [ %]
LN ry
] L
cv2 CV3 TTevt T

Figure 5. A liquid ligament can be modeled as a liquid
column with two blobs at its ends.
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The free ligament is a closed system, which has no interac-
tions with the surroundings. Therefore, to satisfy the conserva-
tion of momentum and the conservation of energy, we require

d .
d_t.z VU, =0 (18)
=123
and
d
—(SE; + KE;) =0, (19)
=123 dt

where SE and KE represent surface energy and kinetic energy,
respectively.

However, there are four unknowns L, U;, U,, and Us in
three equations. Because we are concerned only with U, and
U,, a further simplification can be made choosing the central
column as the frame of reference by setting U; = 0, i.e., the
center of mass of the central column remains constant in
space and time. Because the free ligament has zero momen-
tum in the reference frame attached to its center of mass,
Eq. 18 can be changed to

t
Voo + nR? [ Usdt
1 0

—_—— . (20)
Vip + nR? [Udt
0
The surface energy terms in Eq. 19 are
SEi_15 ~ o (4nR? — nR?
=12 ~ o (4k; ) . Q1)
SE; = 2nRLo
The kinetic energy terms in Eq. 19 are
KE; =0
(22)

1
KEio12 =5 pViU? + IE;.

where IE; is internal kinetic energy due to the growth of the
two blobs. To find this term, the blob growth can be modeled
as a growing droplet suspended from a circular tube with ra-
dius R and fluid velocity U;, as sketched in Figure 6a. This
can also be further modeled as a spherical source with diam-
eter R and fluid velocity U; and concentric with the blob, as
shown in Figure 6b. Continuity requires

dR;
UmnR? = udmr? = 7;4711%,?, (23)

where u is the radial velocity at radius r in the blob. There-
fore, the internal kinetic energy is expressed by

i

14 2 2 T(R4 2 1 )
E = | Lam2iltar = p=— (5 -2 (4
/Zmudi ’OS(R R,-U’ 24)
R/2
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Figure 6. (a) The growth of blobs can be modeled as a
growing drop suspended from a circular tube;
(b) the growing pendant drop can be modeled
as a drop with a concentric, spherical source.

Substituting Eqgs. 21, 22, and 24 into Eq. 19 gives
ZU‘ 4R3+R3 R* dU,-+R2 1+ R U2
S W32 4R a2 16R})
2Ra (R
+—G<——1>}: . (25)
P \R;

1/3

t
3N\,
R, = (Z) 0 g2 / Udt| . (26)
T

0

where, from Eq. 17,

Combining Eqs. 20 and 25, we can solve for transient
velocities U, and U,, which can be put into Eq. 16 to calcu-
late the transient length of the central column.

To obtain a nondimensional solution to this problem, we
normalize the lengths and radii with R, velocities with U,,
and time with ¢, i.e., Z:L/R, Z() :Lo/R, F,"() :Rl()/R,
U; = U;/U:; T =t/t.. Applying these normalized parameters
to Egs. 16, 20, and 25, 26, we obtain

t
_ 1 -
L/Ly=1 —_—/ (U, + U,)di
Ly
0
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Discussion

In our tests, the radius of the central column R was meas-
ured to be 5 um. To satisfy the assumed initial shape of the
ligament, the ligament at 75 ps in Figure 3 (Ly = 220 um,
Ryp =20 um, R,y = 5 um) is chosen to be the initial point.
Hence the initial conditions are Ly =44, R 10 =4, and
Fzﬁo = 1. Our experimental observation shows that the liga-
ment detached from the orifice with a conical tip, which
restored into a small blob. Because of this restoration pro-
cess, the initial velocities of the two blobs U, and U,y
were not zero at 75 pus in Figure 3. We assume the tail blob
of radius R is formed from a cone with base radius R and
half volume of the blob. Without considering viscous dissipa-
tion, the conservation of energy gives

1
o(\/_ = 2) nR® = = pV20U3,- (28)
The left-hand side is the change of surface energy,
whereas the right-hand side is the kinetic energy of the blob.
Solving Eq. 28 for U, in the nondimensional form gives

Uao = % (\f - 2). (29)

2,0

Applying conservation of momentum, the initial velocity
of CV1 is

— 3
_ R _
Uip= (%) Usp. (30)

1,0

Figure 7 shows the theoretical model in comparison with
experimental results measured from Figure 3. The ratio of
transient length to initial length Lo/Lo is plotted as a function
of dimensionless time ¢. The time taken for the ligament to
contract is theoretically predicted to be ~31 and is experi-
mentally measured to be ~34, showing good agreement.

Recall that the theoretical model developed above did not
consider viscous dissipation. However, at the later stage of
the contraction the two blobs approached closer, the viscous
effect might increase considerably due to the increase of ve-
locity gradient in the central column in the direction of con-
traction. The experimental data presented in Figure 7 show a
smaller slope (lower velocity) at the end of contraction pro-
cess than that at the early portion of the process. This expla-
nation also can find support from the numerical results of
velocity distribution in Stone and Leal’ for a symmetric
ligament contracting in an ambient, quiescent fluid with
much lower viscosity.

Figure 7 also compares our experimental and theoretical
results with the results of constant velocity theories Egs. 8-10.
If the two blobs retract with equal velocity, which is inde-
pendent of time and blob size, the length as a function of
time can be expressed as

Lo =1-2Y5 31)
Ly

Figure 7 shows that using the constant velocities given by
Eqs. 8-10 predicts much faster contraction processes and
results in significant errors.
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Theory
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Y | n

Figure 7. Theoretical Eq. 27 and experimental results
of ligament length as function of time.

The dashed lines are based on Eq. 31 using constant veloc-
ities given by Eqgs. 8-10: /, for Eq. 8; [, for Eq. 9; /5 for
Eq. 10.

The initial length of the ligament in our test was longer
than the cutoff wavelength of the Rayleigh instability,® since
Lo > 2n. However, the ligament remained stable while con-
tracting into a droplet. The characteristic time of breakup of
infinite inviscid liquid jets for the fastest growing wavelength
is given by?’

1

liny = 03433 (32)

where f,, is a dimensionless time normalized by t. For
highly viscous jets this characteristic time is approximately
expressed by27

ivisc = 6Oh7 (33)

where 7,;.. is a dimensionless time normalized by #.. For the
ligament in consideration, f;s. ~ 6.

Comparing Eqgs. 32 and 33 with the results shown in Fig-
ure 7, the contraction time is longer than the breakup time
scales for inviscid and viscous jets. Nonetheless, no capillary
waves were observed on the surface of the ligament during
contraction (Figure 3). The capillary instability time scale
depends on the introduced perturbation in the numerical
study and determination of initial perturbation in experi-
ments. Decrease of the initial amplitude leads to substantial
increase of time scale. It should also be noted that the basic
flow of Rayleigh instability features a uniform velocity distri-
bution across any section along the infinite jet, and the
theory is independent of inertial forces.”® The flow inside a
free ligament with finite length during contraction differs sig-
nificantly from that of Rayleigh jets. Therefore, additional
work is needed in future to address the effect of flow in
causing the instability of liquid ligaments.
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Figure 8. Contraction of liquid ligaments with varied
initial rgdii of the blobs but the same initial
length Lo= 20.

The initial radii of the two blobs are equal.

The theoretical model proposed in this work is dependent
on the blob size. The variation of contraction time with the
dimensions of the ligament can be evaluated by considering
symmetric ligaments, where the two blobs have identical
size. The initial velocities of the two blobs are assumed to
be zero. Figure 8 shows the contraction of ligaments with
varied blob radii but the same initial length Lo, = 20. The
contraction time increases with the initial blob size, increas-
ing from ~17 for R;y = 2 to ~26 for R;y = 3.

Conclusions

The contraction of liquid ligaments was studied, and a the-
oretical model was developed to predict the time for contrac-
tion. The ligament was considered inviscid and free of
external forces. Additionally, the ligament was assumed to
be stable during contraction. The model was based on the
conservation of mass, momentum and energy. Theoretical
analysis showed that the contraction time increases with the
initial radius of the blobs. The model was compared with our
experiments on the droplet formation from a piezo-electric
inkjet printhead. A liquid ligament was formed when the
printhead was driven by an electric pulse, and the contraction
of the ligament was measured. The experimental results
showed good agreement with the theoretical predictions. Our
theoretical and experimental results were also compared with
those of constant contraction velocity theories. It was found
that all the contraction velocities proposed in literature pre-
dict much faster contraction, resulting in significant errors.
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Notation

ay = deceleration rate
C4 = drag coefficient
D = diameter of lead end of ligament
IE; = internal kinetic energies of blobs (i = 1, 2)
KE, = kinetic energies of blobs (i = 1, 2) and central column (i =
3)
L =length of ligament
L, = viscous length scale
AL = distance from pinch-off point
r =radial coordinate
R = radius of central column of ligament
R; =radii of blobs (i = 1, 2)
SE; = surface energies of blobs (i = 1, 2) and central column (i
3)
t =time
t. = capillary time scale
tiny = characteristic breakup time of inviscid jets
t, = viscous time scale
tyisc = characteristic breakup time of highly viscous jets
u = fluid velocity inside blobs
U = retraction velocity of ligament ends
U. = characteristic velocity associated with surface tension
U; = velocities of blobs (i = 1, 2) and central column (i = 3)
U; = velocity of ligament traveling in air
V; = volumes of blobs (i = 1, 2) and central column (i = 3)

Nondimensional numbers

Oh = Ohnesorge number
Re = Reynolds number

Greek letters

1L = Viscosity
o = surface tension
p = density

Embellishment

upper bar = nondimensional

Subscripts

0 = initial
¢ = ambient air
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